
In an ideal  cascade  the r eg i m e  of opera t ion of one pa r t  of the cascade  has  l i t t le  effect  on the p r o c e s s  in 
the other  par t .  As a resu l t ,  t he r e  is  ve ry  l i t t le  shift  in the "zero"  point. This  enables  us to c a r r y  out the 
t rans i t ion  p r o c e s s  in a r eg i m e  with product  and waste  out le ts  disconnected.  When e i ther  of them is  con- 
nected,  we obse rv e  the s a m e  fea tu res  as in c a scades  without s t r ipping par t .  

N O T A T I O N  

p,  s tep delay; L, flow between s tages ;  c = c(s,  t), concentra t ion  of ex t rac ted  isotope at the s - th  stage at 
t ime  t; ~ = coeff icient  of en r i chment  of a s tage;  P, product  flow (extraction);  W, waste  flow; F, input ft0w; 
cp ,  concentra t ion  at product  point; cw ,  concentra t ion  at was te  point; cF,  input concentrat ion;  c*, concen t ra -  
tion at "junction" point be tween sect ions;  cf, concentra t ion  at input points;  ~W, number  of s tages  in s tr ipping 
p a r t  of the cascade  (in units of es);  tp ,  num be r  of s tages  in the ca scade  (in units of es);  El, inventory of i - th  
p h a s e - r e v e r s a l  device;  N, num ber  of sec t ions  in the cascade.  
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A theory  of a thermodif fus ion  column with t r a n s v e r s e  sampling s t r e a m s  is  given on the bas i s  
of the t r a n s p o r t  equation for  a b inary  mix ture .  

Among the different  kinds of thermodif fus ion appara tus  of continuous action, the scheme proposed  by 
D. F r a z i e r  in 1958 to connect  thermodif fus ion  columns in which the sampl ing s t r e a m s  do not pass  through 
but move  outside the columns occupies  a spec ia l  place.  

The de l ivery  of the supply cre and ~i with concent ra t ions  c o is  accompl ished  at the  upper  and lower ends 
in a plane thermodif fus ion  column with gap 5, height L, and length B (Fig. 1), where  both s t r e a m s  can have 
the s ame  (Fig. la)  and opposi te  (Fig. lb) direct ions.  Sampling of the product  i s  c a r r i e d  out at the ends op-  
posi te  to the supply entrance.  
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Fig. 1. Diagrams of a column with t r ansve r se  
s t r eams  in a di rect  (a) and countercur ren t  
(b) flow [1) separat ing par t  of the column; 2) 
channels]; c) d iagram of a column with a cen-  
t ra l  feed. 

F r a z i e r  gave a theory of this p rocess  in [2] in application to fractionation of petroleum products,  which 
was const ructed  on the basis  of simplified model representat ions ,  in which connection the dependences ob- 
tained are approximate and make difficult an exact quantitative est imation of the advantages of the scheme 
under consideration. 

An analytic descript ion of the operation of the F r a z i e r  scheme is given in this paper  on the basis of a 
genera l  theory of thermodiffusion columns for  a binary mixture [3] under the following assumptions:  

1) Ideal mixing of the s t reams  % and ~i with the s t ream j proceeding f rom the separating par t  of the 
thermodiffusion apparatus occurs  in the ver t ica l  direct ion in the lower and upper channels. 

2) Diffusion along the x axis within the separating par t  of the apparatus is neglected. This condition 
should be satisfied completely sa t is factor i ly  for a sufficiently large number  of discrete  columns, 
each of which has a dimension along the axis which is much less  than the total length B. 

3) Diffusion in the upper and lower channels is neglected. The condition governing the applicability 
of this assumption is considered below [see (40)]. 

4) The concentrat ion of the ta rge t  component is low everywhere  (c << 1). 

The t r ans fe r  in the z direction in any ver t ica l  section of the column under considerat ion is determined 
by the expression 

(c dc I (1) 

Since we consider  the s tat ionary state,  t h e n  divj = 0 and we obtain 

d2c dc 
- -  ---- O .  ( 2 )  

dy 2 dy 

The solution of (2) is 

c = AI (D + As (g) e~, 

where the coefficients A t and A 2 are functions of the dimensionless coordinate 

X 

B 

Now let us examine column sections of length dx (Fig. la). The flux j per unit length of the column is j/B. 
Mixing of this stream with the stream ae in a section dx at the upper end of the column results in a rise in 
concentrat ion dc in this section; i . e . ,  

(3) 

(4) 
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Fig. 2. Dependence of the degree  of separa t ion  on the 
ra t io  )r  for  Ye = 5: 1) n i  = 0.2; 2) 0.5; 3) 1.0; 4) 2.5. 
The dashed line c o r r e s p o n d s  to the degree  o f  separa t ion  
in an o rd inary  column without sampling.  

]dx = de. 
B ~  

At the lower  end of the column we have, analogously,  

idx = - -dc .  
BGI 

Replacing the magni tude of the s t r e a m  in (5) and (6) by i ts  value f rom (1) and introducing the notation 

H H 

we obtain the condit ionwhich the coeff ic ients  A l and A 2 in (3) should satisfy:  

- -  / 
ag ~/~=. . ;  dg ,,,:o ~, 

According to (3), the f i r s t  condition of (8) y ie lds  

AI (0 § A~ (~) ~ = _ L  A1 (~), 

while f rom the second condition 

F r o m  (9) and (10) we obtain 

where  

The solution (11) y ie lds  

Analogously,  we find 

A~ (B) + A.: (B) =- - -  1 AI(B). 

A i  ( D  = _ ~ ,  
A (B) 

1 
( p p  ~ - -  

exp y~ § (•215 
exp ge - -  1 

A1 (~) = D1 e -'~p~. 

@pXl 

Substituting (13) and (14) into (3), we obtain 

(5) 

(6) 

(7) 

(8) 

(9) 

(lO) 

(11) 

(12) 

(13) 

(14) 
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Fig. 3. Dependence of the comparative ef- 
ficiency of the F raz i e r  and centra l - feed 
column schemes on the degree of separation 
for Ye = 5: 1) ~ i / ~ e  = !; 2) 100; 3) 200. 

c=D~e_~p~+[D~( 1 _ l )  e_%~+D2] eg. 
(~p~i  

For  the ends of the column y = Ye and y = 0, formula (15) yields 

c =D~e_%~+ [D~ ( 1 _ l )e_%~+D2]eue ,  

O 1 o 
Q - -  e - % ~  + Dv 

The constants D 1 and D 2 in (16) and (17) are determined from the condition 

c~ t~=o = co; cil~=o = c o, 

f rom which 

(is) 

(16) 

(17) 

(18) 

D~ = co, D2 = co (1 - 1 ) . (19) 
q~p• 

Substituting the values obtained in (16) and (17), assuming ~ = i, and replacing ~p in (19) according to (12), 
we obtain the values of the stream concentrations emerging from the column: 

ce~176 [e-~P+ ( 1+ • ) (1-e-~p)eye]eve+(uJ• ' (20) 

[ ( z~) l - - e - %  ] (21) 
Ciot l t  = O O e -q~p ~-  1 ~. ~*e , d e  ~-  (•215 " 

From the condition of mass  conservation in a column of the type under consideration, the equality 

• out + • = co (• + • (22) 

should hold. Substituting the values of the concentration from (20) and (21) shows that (22) is satisfied. 

Taking account of (12), the degree of separation 

qp-- Ceout - [1 + (•215215215 (eye- 1) e-~p (23) 
C-iout (e v e -  1)e-~P + I + (•215 

depends on three parameters :  ~i ,  x e, Ye. The degrees of separation corresponding to the l imit  values of 
these pa ramete rs  can be obtained from (23). 
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F o r  l a rge  Yo 

~4 e 

(24) 

F o r  l a rge  n i 

qp = e ve - -  (e ~e - -  1) exp [ (ey,---- I)u~ ] " (25) 

As is  seen f rom (7), for  an unbounded growth in the length B of the column, the p a r a m e t e r  n i tends to 
ze ro  and ~0p--- oo; hence f r o m  (23) 

qp = eyq (26) 

i . e . ,  the degree  of separa t ion  becomes  equal  to that  for  a column operat ing in the r e c o v e r y l e s s  mode. 

In the case  of a coun te r cu r r en t  flow (Fig. lb),  the sign of ~i  in the boundary conditions (8) should be 
r e v e r s e d ,  a f t e r  which we obtain,  by duplicating the s ame  reasoning ,  

c= D~e%+ [D~ (,, %• 1)e,~+D,]ev., (27) 

The constants  D 3 and D 4 a r e  found f r o m  the conditions 

c~!gs = c o, cil~=, = Co (28) 

and have the f o r m  

e ~ r  (•215 eve__ (•215 , D4 = c o . . . . .  

Consequently,  we obtain the following expres s ions  for  the concentra t ion of each of the components  at the 
column exit :  

C~~176 § z--!~ eV~ (e~- - l ) J  ( u e  eye+~-- "-~--i ) - / ' ,  

C/out--- Co ( eYe + e%-- I - Z~e ) ( eYe-}-ePc-- ~)--I , 

(29) 

(30) 

in which 

% = - -  1 ey~ - -  (~ / / ze )  (31) 
z, e ve - -  1 

F o r m u l a s  (29) and (30) also sa t i s fy  condition (22). 

An inde te rminacy  occu r s  in (32) for  

~i  ~ eve 

Ze 

which can be developed to y ie ld  

We have for  the degree  of separa t ion  f rom (29) and (30) 

(32) 

(33) 

e2ye~-@ Z i (e ye - -  1) (34) 
qc = 

1 + • (e  y~ - -  1) 

If the p a r a m e t e r  n i i s  suff iciently smal l ,  then 
qc=e2~; (35) 

i . e . ,  the degree  of separa t ion  in this case  is  the square  of the degree  of separa t ion  for  a column operat ing in 
the r e c o v e r y l e s s  mode.  

As an analys is  of (32) shows that (33) co r r e sponds  to the max imum value of the deg ree  of separa t ion  for  
n i = 0.5. Fo r  o ther  values  of n i  the dependence of the degree  of separa t ion  on the ra t io  ~i />te also p a s s e s  
through a max imu m ,  as is  seen  f r o m  Fig. 2. Unfortunately,  i t  is  imposs ib le  to exp re s s  the dependence of the 
ra t io  ~ i / ~ e  cor responding  to the m a x i m u m  values of qc, explici t ly on expye  and ~r It  is  seen f r o m  an 
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examinat ion of Fig. 2 that  s tar t ing with some values  of h i / h e ,  the degree  of separa t ion  exceeds  that  in an 
o rd inary  thermodif fus ion column operat ing without sampling,  where this excess  might  be quite noticeable.  
Thus,  for  instance,  for  ~i  = 0.2 the m a x i m u m  value is  qc ~ 1600 while a column might  yie ld  q = 148.4 in the 
r e c o v e r y l e s s  mode,  i . e . ,  an l l - f o l d  s m a l l e r  quantity. The re  also r e su l t s  f rom Fig. 2 that the ment ioned 
di f ference  will grow with the diminution in ~i ,  i . e . ,  for  an unchanged value of the sampling with the inc rease  
in the column length B. 

F r o m  (32) for  l a rge  B and ~ i / n  e < eYe 

q ~ =  ( 1 +  • •215 , (36) 

where  if the s t r e a m s  o i and ~e a re  equal, then 

q~ = 2e y e -  1, (37) 

i . e . ,  a resu l t  c lose  to that  p re sen ted  in [2] in which the re  is no 1 in the r ight  side of (37). 

When ~ i / ~ e  > e ye  and B is la rge ,  f rom (32) 

• eye( x~ ')-i (38) qc  = - -  l e ye . 

Ne  ~ e  

The degree  of separa t ion  calcula ted by m e a n s  of (36) is  a lways l a r g e r  than that  ca lcula ted  f rom (38). 
The re fo re ,  it is  seen  f rom (34)-(38) that  a degree  of separa t ion  cons iderably  exceeding that  in a column of 
equal height but operat ing in a mode without sampling can be achieved for  an appropr ia te  select ion of the 
ra t io  between the s t r e am s .  

Le t  us p re sen t  two other  l imi t  cases :  when the d imens ion less  height of the coIumn Ye is  l a rge  

and when the p a r a m e t e r  ~i  grows without l imi t  for  a constant  quantity Re, we obtain a fo rmula  identical  to 
(25). 

It was a s sumed  in obtaining the r e su l t s  p re sen ted  above that  the longitudinal diffusion in the upper and 
lower  channels  of the column (Fig. l a  and b) is negligibly small .  

A m o r e  comple te  descr ip t ion  of the separa t ion  p r o c e s s  in the column under cons idera t ion  resul t s ,  in 
place  of (9) and (10), in a s y s t em  of t h i r d - o r d e r  d i f ferent ia l  equations to find the coeff ic ients  At(~), A2(g) 
in which de r iva t ives  higher than the f i r s t  m a y  be neglected,  as analys is  shows, if the condition 

e ye - -  1 fpD <( •215 (40) 
B H  e y~ + 1 

is conserved ,  where  f is  the channel c r o s s - s e c t i o n a l  area .  

There fo re ,  all  the fo rmulas  p resen ted  above a re  vali d upon conserva t ion  of condition (40), which should 
be  sa t i s f ied  comple te ly  for  not too sma l l  s a m p l e s .  

Now let  us com pa re  the F r a z i e r  coun te rcu r r en t  scheme with a column with cen t ra l  feed (Fig. lc) in which 
the degree  of separa t ion ,  as can be shown, is 

• exp [ ~ -  (1 --z~)Ye ] 
• + 1 (41) 

qc.f. = - -  
•  x~+exp - - ~ -  

It  is  expedient  to use the quantity 

QFr (42) 
, = _ Q ; . f .  

as the c h a r a c t e r i s t i c  of the eff iciency of both kinds of appara tus ,  where  Q ~ r ,  Q;.  f. a re  the specif ic heat 
expendi tures  pe r  unit enr iched product  in the F r a z i e r  scheme and in the column with cen t ra l  feed, respect ive ly .  

1093 



The heat consumption in a plane thermodiffusion column is 

Q = ~ FAT, (43) 
6 

where the heat-transfer surface is F = BL and the height of the column can be expressed in terms of the coef- 
ficients of the transport equation II and K: 

K L;yo-g .  

Then in p lace  of (43) we have 

KB 
Q = T y~ n AT. 

Dividing the left  and r i gh t  s ides  of th is  l a s t  e x p r e s s i o n  by the sampl ing  value ~e, taking (7) into account ,  and 
r ep lac ing  H and K by  t h e i r  va lues  (see Notation),  we obtain  an e x p r e s s i o n  fo r  the spec i f i c  hea t  expendi tu re  
in the f o r m  

lo ye ;.~ q._- 
7 % a2pDAT 

Then acco rd ing  to (42) the e f f i c iency  c h a r a c t e r i s t i c  fo r  ident ica l  t e m p e r a t u r e  m o d e s  i s  

ge (44) 
\Xe /c . f .  

L e t  us  note  tha t  even in [3] a t tent ion had been tu rned  to the fact  tha t  the r a t io  y e / ~  is  a m e a s u r e  of  the ef-  
f ec t i venes s  of t he rm od i f fu s i on  a p p a r a t u s  with a cons tan t  c r o s s  sec t ion .  

F o r  r < 1 the F r a z i e r  s c h e m e  tu rns  out to  be ene rge t i c a l l y  m o r e  favorab le .  

F o r m u l a  (41) can  be r e w r i t t e n  in ano the r  fo rm:  

[~c'f'+ (uJxe)J {V:c'f'-- exp [--~ (1-- X ed')Ye]} (45) 

qc.f. = 
(• t) • (• - -  -~-  I + - -  • Ye 

Ne 

A s s u m i n g  f r o m  (32) tha t  both s c h e m e s  a r e  c o m p a r e d  fo r  equal  d e g r e e s  of sepa ra t ion ,  

�9 1 = eye - -  1 In [e ~e - -  (• - -  1] qFr. + (• eve (46) 
• c.f, e r e -  (•215 [ t -F (•215 de - -  (• - -  q c.f. 

De t e rmin ing  the va lues  of Ye and >t i /~  e and being given Xe. f . ,  we obtain a n u m b e r  of va lues  of qe. f. which 
yie ld ,  when subs t i tu ted  into (46), a quant i ty  r e c i p r o c a l  to the d i m e n s i o n l e s s  sampl ing  in the s c h e m e  with 
t r a n s v e r s e  flows. F i g u r e  3 i l l u s t r a t e s  the na tu re  of the dependence  of the c o m p a r a t i v e  e f f i c i enc ies  of both 
s c h e m e s  u n d e r  c o n s i d e r a t i o n  on the d e g r e e  of s epa ra t i on .  I t  is  seen  f r o m  this  f igure  tha t  the F r a z i e r  s cheme  
is  ene rge t i c a l l y  m o r e  f avorab le  f o r  any d e g r e e s  of s epa ra t ion  fo r  ~ i / n e ,  whe re  the advantage  of this  s cheme  
b e c o m e s  e v e r  m o r e  no t i ceab le  with the g rowth  of the d e g r e e  of separa t ion .  F o r  q > e x p y  e the F r a z i e r  co lumn 
a s s u r e s  the r equ i s i t e  p roduc t iv i ty ,  while a co lumn  with a c e n t r a l  feed can y i e ld  only qc. f. = expYe" 

I t  should be men t ioned  that  the advantage  of  the s c h e m e  with t r a n s v e r s e  s t r e a m s  should  be apparen t  to 
an even g r e a t e r  d e g r e e  when taking account  of the dependence  of the coef f i c ien t s  H and K in the t r a n s p o r t  
equat ion on the sampl ing  [4, 5]. 

The r e s u l t s  p r e s e n t e d  above p e r m i t  the conc lus ion  that  the F r a z i e r  s c h e m e  p o s s e s s e s  a n u m b e r  of 
advan tages  jus t i fy ing  i ts  p r a c t i c a l  appl icat ion.  

N O T A T I O N  

0, working  gap;  B, co lumn  length in the x coo rd ina t e  d i rec t ion ;  L,  co lumn height ,  see  Fig.  1; ~, t h e r m o -  
diffusion cons tan t ;  AT = T1--T 2, t e m p e r a t u r e  d i f f e rence  between the hot and co ld  s u r f a c e s ;  ~ = i/2 (T 1 + T2); 
Ye = H L / K ;  A, coef f ic ien t  of  t h e r m a l  conduct iv i ty ;  Q, heat  consumpt ion  in the co lumn;  ~ e ,  ~i ,  see  (7); ~, 
d i m e n s i o n l e s s  coord ina te ,  see  (4); q, d e g r e e  of sepa ra t ion ;  ~, see  (12), (31); c, m a s s  concen t r a t ion ,  

H = ~4)2g~6 3 (AT) ~ B g~oa[3~6 v (AT) 2 B 
6~@ , K = 9!TffD 
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The remain ing  notation is s tandard.  Indices: c, counte rcur ren t ;  p, f o rward  cur ren t ;  o, initial  value; 
in, value at the ent rance;  out, value at the exit;  e, posi t ive  end of the column; i, negat ive end of the column. 
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F R E E  C O N V E C T I O N  O F  G A S  M I X T U R E  A B O V E  A 

F L A T  H O R I Z O N T A L  P L A T E  IN 

C O N S T A N T - V E L O C I T Y  F L O W  

A.  A.  P i r o z h e n k o  UDC 536.253 

The p rob lem of mixed  convection for  a mix tu re  of viscous  heat-conducting gases  above a ho r i -  
zontal  plate is solved by using the method of in tegra l  relat ions.  

w 1. In the p r e s en t  a r t i c l e  the flow of a mix tu re  of heat -conduct ing gases  pas t  a flat hor izontal  plate  
heated to a high t e m p e r a t u r e  is cons idered  under  the assumpt ion  that eve rywhere  in the flow region there  
ex is t s  the der iva t ive  a / ay  >> ~/3x. H one c a r r i e s  out the s ame  e s t ima te s  as in the boundary - l aye r  theory,  and 
bearing in mind that  the p r e s s u r e  is  a resul t ing force ,  that is ,  it is of the o rde r  of the fo rces  applied to the 
sys tem,  the following s y s t e m  of equations governing the p roposed  flow model  is  obtained: 
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If in the or iginal  gas  mix tu re  the concentra t ion of one g a s  is much  higher than that of the other  gases ,  
then by using the independent diffusion approximat ion and by bearing in mind that the t e r m  governing the effect  
of the p r e s s u r e  diffusion is  smal l ,  one obtains for  the diffusion-flow vector  of the a -componen t  
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